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APPENDIX: MULTIPLICATION AND SQUARING ROUTINES 

Here we present the multiplication and squaring routines that are used in the pseudoprime 
tests with Jacobi sums. For a given prime power k we put m = (p - 1)pk -, and we 
denote by (x,),'=-01, (y,)7'-0', (z,) '- I three elements of Z[?p? ]/nZ[tp ]. The multiplication 
routines below have x andy as input and compute their product xy. On output, x andy 
are unchanged and the product is returned in z. The squaring routines have x as input 
and compute its square x2. On output, x is unchanged and its square is returned in y. 
Auxiliary variables whose names begin with a 'c' or a 'd' are 'doubles', the others are 'mul- 
tiples' (so, x,,y,, and z, are 'multiples', cf. Section 7). 

Let D be the time to compute the remainder of a 'double' modulo n, let M be the time 
for a 'multiple'-'multiple' multiplication, A I for a 'multiple'-'multiple' addition or subtrac- 
tion, and A 2 for a 'double'-'double' addition or subtraction. At the end of each routine we 
give the total time expressed in the number of D's, Al's, A 1's, and A 2's for that routine. 

First we present five auxiliary routines. 
Auxiliary routine 1. This routine operates on the variables (a,)2,=0, (b,), =0, (c,), =0. The 
a, and b, are input to the routine and their values are not affected; the c, are output vari- 
ables. 
co =aobo; d1 =al bl, c4 = a2 b2; ml ao+al, m2 - bo+b1; d3 ml m2; 
ml a0+a2; m2 = bo+b2; d4 =mIm2; ml a1 +a2; m2 = b1 +b2; d5 =mIm2; 
d2 -co +d1; cl = d3 -d2; d2 = d4 +d1; c0 +c4; c2 d2 -d4; d2 d1 +C4, 
C3 = d5 -d2- 

The following now holds. 
co = ao bo, 

cl = ao-bl +a lbo, 
C2 = ao'b2 +a1 bI +a2bo, 
c3 = a I b2 +a2b I, 
C4 = a2 b2. 

Time = 6M+6A I +7A2 
Auxiliary routine 2. This routine operates on the variables (a,), =O, (b) =o, (c,)6,=0. The 
a, and b, are input to the routine and their values are not affected; the c, are output vari- 
ables. 
co ao bo; d1 = a Ibl; d2 = a2 b2; c6 = a3b3; ml = ao +a1, m2 = bo +b1; d3 =ml m2, 
ml ao+a2, m2 bo+b2; d4 =mm2, m3 =a2+a3; m4 b2+b3; d5 m3m4; 
M= a +a3; m4 b1 +b3; d6 m3m4, d7 = co +di; cl d3 -d7; d7 co+ d2; 
d8 =d +d4, c2 =d8-d7; m5 =ml +m3; m3 = m2+m4; d7 d2+C6; C5 =d5-d7; 
d7 =m3m5; d8 =c1 +c5; d9 d8+d6; d8 *dg+d4; c3 =d7-d8; d7 =d6+d2; 
d8 d1 +c6; c4 = d7 -d8. 

The following now holds: 
co =ao bo, 
c= ao bI +a 1bo, 
C2= ao b2 +al bl +a2-bo, 
C3 ao b3 +al b2 +a2 b1 +a3 bo, 
4= aj b3 +a2-b2 +a3-b1, 

C5 a2 b3 +a3 b2, 
C6 a3'b3 

Time = 9M + 10A I + 14A 2 
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